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Abstract 

In this paper we prove asymptotically sharp weighted "first-and-a-half" 2D Korn 
and Korn-like inequalities with a singular weight occurring from Cartesian to cylindri¬ 
cal change of variables. We prove some Hardy and the so-called "harmonic function 
gradient separation" inequalities with the same singular weight. Then we apply the 
obtained 2D inequalities to prove similar inequalities for washers with thickness h sub¬ 
ject to vanishing Dirichlet boundary conditions on the inner and outer thin faces of the 
washer. A washer can be regarded in two ways: As the limit case of a conical shell 
when the slope goes to zero, or as a very short hollow cylinder. While the optimal 
Korn constant in the first Korn inequality for a conical shell with thickness h and with 
a positive slope scales like e.g. |10) . the optimal Korn constant in the hrst Korn 
inequality for a washer scales like h? and depends only on the outer radius of the washer 
as we show in the present work. The Korn constant in the first and a half inequality 
scales like h and depends only on h. The optimal Korn constant is realized by a Kirchoff 
Ansatz. This results can be applied to calculate the critical buckling load of a washer 
under in plane loads, e.g. [1]. 
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1 Introduction 


Korn’s inequalities have arisen in the investigation of the boundary value problem of linear 
elastostatics, pns] and have been proven by different authors, e.g. |16IIT7ll6]l32][T^ . Some 
generalized versions of the classical second Korn inequality have been recently proven in 
|26ll27ll2]l28] . Traditionally there are two types of Korn inequalities spoken about, the first and 
the second one. The classical first Korn inequality is typically formulated as follows: Assume 
Q ^ MA is a simply connected open domain with a Lipschitz boundary, and V C is 

a closed subspace that contains no rigid motion other than the identically zero one. Then, 
there exists a constant Ci{VL,V) depending only on D and V such that the ineguality 

Dilivur <||e(U)ir 
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holds for all displacement fields U G Accordingly, the quantity 

will be called the Korn’s constant of the domain f2 associated to the subspace V. The classical 
second Korn inequality reads as follows: Assume Q & MA is a simply connected open domain 
with a Lipschitz boundary, then there exists a constant C 2 {'Al) depending only on such that 
the inequality 

C2||VU|p<||e(U)|p + ||U|p (1.2) 

holds for all displacement fields U G where e(U) = i(VU + VU^) is the 

symmetrized gradient, i.e., strain in the linear elasticity context. We refer to the review 
article [12] for a detailed discussion of Korn inequalities and their role in the theory of 
linear and non-linear elasticity. A more global variant of the hrst Korn inequality has been 
proven by Kohn in [H]. Korn inequalities and other related inequalities for integrals of 
quadratic functionals also arise in the analysis of viscous incompressible fluid flow, see the 
references in [13], while Korn-like inequalities with tangential boundary conditions arise in 
statistical mechanics, [51120] . In many applications it is essential to know the dependence 
of the optimal Korn constants Ci and C 2 upon the geometric parameters of the application 
domain and the subspace V. We will call such kind of Korn inequalities with optimal 
constant^ sharp Korn inequalities. Sharp Korn inequalities have been derived by several 

such inequalities is the study of buckling of slender structures [nil3llllll31ll5]l^ . where Korn’s 
constants govern the scaling of the critical load as a function of the slenderness parameter 
as understand by Grabovsky and Truskinovsky in m- In m the theory of buckling of 
slender structures of Grabovsky and Truskinovsky deals with the buckling of a slender body 
Qh (parameterized by the small parameter h, usually the thickness of the body Qh) under 
dead loads t(a:, h, A) with magnitude A applied to the boundary of flh- The buckling is then 
roughly speaking dehned as the hrst loss of stability of the trivial branch (resulting Lipshitz 
deformation) y{x, h, A), i.e., when the second variation of the total energy 


^(y) = [ W{Vy{x))dx - f y{s)-t{s)ds 


becomes negative at some variations (p. The admissible set of variations 0 is determined 
by the dead loads t(x, h, A), namely the load t(x, h. A) gives rise to Dirichlet type vanishing 
boundary conditions for the variations 0 on the boundary dQh- Thus 0 G 14 = G(Gh), where 
14 G hT^’°°(G/i), for some subspace 14- Grabovsky and Harutyunyan give an alternative 
explicit formula for the critical buckling load of a slender body under dead loads in [9], 
utilizing which they study the buckling of cylindrical shells under axial compression in [8] 
and under axial compression with some additional torqu^ in [9]. For the sake of clearness, 
we recall the formula mentioned above. Denote 


i?(h,0) 


fnJLoe{4>),e(Z))dx 


(1.3) 


^In general it is not known whether a best constant in a first or second Korn inequality exists. Here we 
speak about asymptotic optimality. 

^Note, that in general the load need not be hydrostatic. 
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where Lq = Wff{I) is the linear elasticity matrix, ah is the Piola-Kirchoff stress tensor and 
e(0) = l(V0 + V0^) is the linear elastic strain. Define furthermore 

X(h)= inf R(h,(f)). (1.4) 

4>&Vh 


Then the following theorem holds: 

Theorem 1.1 (The critical load). Assume that the quantity X{h) defined in Ihl-fD satisfies 
X{h) > 0 for all sufficiently small h and 


K{Xlh, Vh) 


= 0 , 


(1.5) 


where K{VLh, Vh) is the Korn’s constant of the domain flh associated to the subspace Vh- Then 
X{h) is the critical buckling load and the variational problem captures the buckling modes 
(deformations) too (see for a precise definition of buckling modes). 

Note, that X{h) is the infimum of a quadratic form in e{(f)) over a quadratic form in 
V0, and thus is closely related to the Korn’s constant K{Qh,Vh). It will have the same 
asymptotics as K{Qh, Vh) if for instance the stress tensor ah is a full rank 3x3 matrix, but 
could decay slower than K{Qh, Vh) otherwise as h —?• 0 as observed in [H]. Therefore, in order 
to be able to calculate X{h) one should be able to calculate the Korn’s constant K{Qh, Vh). 
With this applications in mind we study the scaling of the Korn’s constant as a power of 
the thickness h of a washer under Dirichlet type boundary conditions. In [3], the Dafermos 
proved second Korn inequalities for rings under some kind of normalization condition, which 
is the average of some fiend over the application domain vanishes, i.e, a global condition. 
In this work we prove weighted first and first and a half Korn and Korn-type inequalities 
with optimal constants for washers. We First prove two dimensional weighted first and a 
half Korn and Korn-type inequalities with exact constants subject to Dirichlet boundary 
conditions and then apply them on the cross sections of the washer to derive the targeted 
three dimensional inequalities. The new weighted inequalities seem to be the appropriate 
tool for treating inequalities in cylindrical coordinates due to the presence of the Jacobian p. 
It is shown in the present work for washers with thickness h, that the optimal Korn’s constant 
in the first and a half Korn inequality scales like h and does not depend on the either of 
inner and outer radii of the washer. In the first Korn inequality, the optimal constant scales 
like h? and depends only on h and the outer radius R of the washer. The present results can 
be used to calculate the critical buckling load of washers under in-plane pressure applied to 
the thin part of the boundary as done for cylindrical shells under axial compression in pi9] . 
See also a similar work of Antman and Stepanov [T]. 


2 Main Results 

In this section we formulate the main results of the paper, while the proofs will be presented 
in Section m and Section [5l Denote the displacement vector by u = {up^ue^uf) in cylindrical 
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coordinates. Then the Cartesian gradient of u has the form 


Vu = 



Up^e-'u-e 

ug,g+up 

^P,Z 

^9,p 

P 

Uz,g 

'^e.z 

^Z,p 

P 



( 2 , 1 ) 


where rneans the partial derivative of / with respect to the variable x. We will use 
different notations for partial derivatives in the sequel interchangeably. It is clear, that a 
washer with thickness h, and inner and outer radii r and R is given in cylindrical coordinates 
by n = {(p, 9, z) : p E [r, R],9 E [0, 27r], 2 ; E [0, h]}. Consider the subspaces 


Cl = {u G : ue{r, 9, z) = ue{R, 9, z) = Up{r, 9, z) = Up{R, 9, C = 0}, (2.2) 

C = {u G lC^’^(n) : U0{r,9,z) = U0{R,9,z) = u^{r,9,z) = u^{R,9,z) = 0}, 


i.e., we impose zero boundary conditions on the angular and vertical or radial components 
of the displacement u (depending on the character of the load the boundary conditions may 
change) on the inner and outer thin faces of the boundary of the washer. As the Jacobin of a 
cylindrical change of variables is p, then the Cartesian norm of a vector F will be ||i/pF|| 2 , 2 (Q) 
in cylindrical coordinates. In what follows we will work in cylindrical coordinates for all 3D 
Korn inequalities, and thus will deal with norms of the form ||y/pF|| 2 , 2 (Q). We will also 
sometimes leave out the L‘^{Q) in the norm notation when it is clear which domain is under 
consideration. The following weighted inequality on the gradient of a harmonic function in 
rectangles is crucial in proving appropriate weighted Korn inequalities in two dimensional 
rectangles. We call this kind of inequalities harmonic function gradient separation estimates. 

Theorem 2.1 (Harmonic function gradient separation inequality). Assume L > I > 0, h > 0 
and T = (0, h) x {l,L). Assume furthermore, that f{x,y) E C‘^{T) is harmonic in T and 
satisfies the boundary conditions f{x, 1) = f{x, L) = 0 for all x E [0, h]. Then there holds 

MfJhiT) < « + ||Vy/,.|li.,T,) ■ (2.3) 

The next one is the appropriate weighted hrst and a half Korn inequality on rectangles. 

Theorem 2.2 (Weighted hrst and a half Korn inequality for rectangles). Let L > I > 0 
and h > 0 satisfy h < cl for some c > 0 and denote T = (0, h) x (/, L). Then there exists 
a constant C = C{c,L) > 0 depending only on c and L such, that for any displacement 
U = (/, p) e IK^’^(T, M^) satisfying the boundary conditions f{x,l) = f{x,L) = 0, for all 
X E [0, h] in the sense of traces, the weighted first and a half Korn inequality holds: 

llvWU||i,,T, < c + ||^e(U)||i,,^,j . (2,4) 


Theorem 2.3 (First and a half Korn inequality). Assume h < cr for some c > 0. Then there 
exists a constant C = C{c, R) > 0 depending only on c and R such that for any displacement 
u G hi U V 2 the inequality holds: 


\\y/pVuf<C 


f \\y/pUz\\ ■ ||ype(u)|| 

V h 


+ \\^/pe{u) 


(2.5) 
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Let us remark, that the term "first and a half" Korn inequality was introduced in [7], 
where the authors prove such inequalities for 2D rectangles and then cylindrical shells. It 
is also interesting, that the first and a half Korn inequality implies both, the first and the 
second Korn inequalities due to the Friedrichs inequality. 

Theorem 2.4 (First Korn inequality). Assume the requirements of Theorem \2.tt\ are fulfilled. 
Then there exists a constant C = C{c, R) > 0 depending only on c and R such that for any 
displacement u G Vi U 14 the inequality holds: 

llx/pVu||^<F||,45e(u)f. (2.6) 

Theorem 2.5 (Realizability of the asymptotics). Both inequalities and ^2.(A] are sharp 
in the sense that the exponents 1 and 2 of h in them are optimal as h goes to zero. 


3 Hardy and Korn-like inequalities 


In this section we recall two results proven in and prove new suitable Hardy and 

weighted Hardy-like inequalities. The next theorem is proven in [71 Theorem 3.1] for rect¬ 
angles and generalized in [12] for any 2D curved thin domains with a varying thickness. For 
a proof we refer to 

Theorem 3.1. Assume L > 0, h G (0,1) and denote T = (0, h) x (0,L). Assume the 
displacement \J = {f,g) G satisfies one of following the boundary condition: 

(i) g{x,0) = 0, for all x G (0, h) in the sense of traces, 

(a) f{x,0) = f{x,L), for all x G (0, h) in the sense of traces. 

Then the first and a half Korn inequality holds: 


llVUf < 100 


ll/ll •||e(U)|| 

h 


+ l|e(U)|p 


(3.1) 


The next lemma is the weighted version of Lemma 2.1 in [T2|, see also Lemma 2.2 in |29| . 

Lemma 3.2. For L > I > 0 and h > 0 denote T = (0, h) x [I, L). Assume that the function 
f e C\T,R) is harmonic in T and satisfies the boundary conditions f{x, 1) = f{x, L) = 0 
for all x G [0, h]. Denote 6{x, y) = min(a;, h — x) for (x, y) G T. Then there holds 

WVv^'^f\\‘L‘2{T) < 4||y^/||^2(7^). (3.2) 

Proof. Integrating by parts and utilizing the boundary conditions on / and 6, the harmonicity 
of / and the facts that 5 is independent of y and ||^| = 1, we obtain 
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= / y5^\Vf\^dxdy 


( 3 . 3 ) 


= - / 


A 




A 


- / 


a 


2/5^ 


a 


a?/ \ a^ 


= - / -2 fy6 


dx dx 


- / f5‘- 


a?/ 


= -2 


fyS 


86 df 


dx dx 

By the arithmetic and geometric mean inequality we have 

1 


86 df 
fy^TTTT 

' dx dx 


<2 yr + - y 


‘E 


<2 fvf + ^ f !/|W/|- 

.hr ^ ./T' 


(3.4) 


□ 


thus combining fl3.3p and fl3.4p we arrive at fl3.2p . 

The next lemma is a Hardy inequality proven in [T^ Lemma 2.4], that was inspired by 
the work of Kondratiev and Oleinik in [T61IT7] . The proof is very similar to the proof of 
Lemma ??, see [12] for details. 

Lemma 3.3. Let 6 > a > 0, e G (0,1], and let f: [a, 6] —)■ M be absolutely continuous. Then 


f f\t)dt < - 

' a+t(b—a) ^ 


(*a+e{b—a) 




(3,5) 


The last lemma is again a Hardy inequality that will be utilized in the proof of Theo¬ 
rem [231 

Lemma 3.4. Let R > 2r > 0 and let the function f: [r,R] —)■ M be absolutely continous in 
[r,R] such that f{r) = 0. Then there holds 


R+r 

2 




nR 


tf^{t)dt<4: / tf^{t)dt + R‘^ / tf^{t)dt. 


' R+r 
2 


(3,6) 


Proof. For any x G R] we have by the integration by parts formula, that 


tf^(t)dt = x^f^{x) 


[tf{t) + 2t^f{t)f{t)]dt, 


thus we get by the geometric and arithmetic mean inequality, that 

x‘^P{x) 


tf {t)dt = 


< 

< 


2 

x‘^P{x) 

2 

x‘^P{x) 


2 

1 

2 


t f{t)f{t)dt 

r[tf{t)+tppt)]dt 


tp{t)dt + 


R^ 


tf {t)dt, 
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from where we get 


tf\t)dt < x^f\x) + W / tf\t)dt. 


By the mean value theorem the point x G R] can be chosen such that 


fij 


X f (x) = 


R — r 


' R+r 
2 




( 3 . 7 ) 


thus due to the inequality R > 2r we get 


x^nx) < 


2R 






R 


' R+r 
2 


tf^{t)dt < 4 / tf^{t)dt. 


' R+r 
2 


( 3 . 8 ) 


A combination of the estimates fl3.7p and fld.Sp completes the proof. 


□ 


4 Inequalities in two dimensions 

Proof of Theorem \2.1[ Note that this is the weighted version of Lemma 4.1 in [7] but can 
not be derived from it as the term is not controllable from below as l,h —)■ 0. Denote 
Tt = (| — t, I + t) X {I, L) and T/ = (0, t) x (/, L) for all t G (0, |). We have integrating by 
parts, that 


'Tt 


rJ f f^f 9f df df\ 
y\Vf\ dxdy = + ^ dxdy 

J Tt \ J 


( 4 . 1 ) 


4{|+()x[i,l| 

-f 

J{^+t}x[l,L] 
thus we get 


fdf . 
yfjrdy - 
ox 

fdf . 
yf^dy - 
ox 


l{h-t}x[l,L] 




fdf , 
yfjrdy - 
ox 

fdf , 
yf^dy, 
Ox 


'Tt 


y^-^dxdy 

Ox^ 




y\Vf\^dxdy < 


'Tt 


r 

rdf 

, f 

rdf 

' [^iT] 

yf^ 

ox 

dy + 

J{^-t}x[l,L] 

yf-^ 

ox 


dy. 


(4.2) 


Integrating the last inequality in t from 0 to ^ and appying the Schwartz inequality we obtain 


>0 JTt 


y\Vf\^dxdydt < \\^f,x\\L^{T) ■ \\\/yf\\L^T)- 


As the integral g{t) = jrp^y\Vf\^dxdy is increasing in t G [0,|], then we get from the last 
inequality, that 

f v\^ff<l\\VvfM\LHrr\\VvfhHTy ( 4 . 3 ) 


'Th 
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Next we fix any point y G [l,L] and apply Lemma 13.31 to the fnnction yjy^[x^y) on the 
segment with the endpoints at (0, y) and (|, y) as a fnnction in x and with e = |- Therefore 
we get 


y\f,y{.x,y)\ dx<A y\f^y{x,y)\ dx + A x y\f,xyix,y)\ dx, 


integrating which in y G [/, L] we get 


+ 4 [ yx‘^\f^^y{x,y)\‘^. (4.4) 

Next we apply Lemma 13.21 to the fnnction in the domain T. It is clear that 6 = x when 
{x, y) G r( and that = 0 in T, thns we get 


'n 


y\f,y{x:y)? < 4 


n\n 


[ yx‘^\f,xyix,y)\‘^ < 
Jt' 


y5‘^\Wf^x{.x,y)\^ <A I y\f^^{x,y)\^ 


Combining now the estimates fl4.4p and fl4.5p we get 


(4.5) 


[ y\f,y{^,y)f 



y\f,y{x,y)\^ + IQ / y\f,x{x,y){^ 


snmming which with fl4.3p and applying again (3.12), we finally disciver 


'n 


y\f,y{x^y)? < 4 


'n\n 


y\f,y{x,y)\^ + IQ I ylfA^^y)]"^ + j^Mf,x\\L^iT) ■ WVyfWi^iT) 


(4.6) 


<4^ 2/|Zj^(x,y)p + 16 j y\f,x{x,y)\‘^ + ^\\^/yf,x\\L^T)■\\^/yf\\L^T) 

¥ 

/ on 

2/|/,a;(a;,2/)r+ y||\/y/,x||L2(T) ' || \/y/1| L2(T) ■ 


A similar ineqnality for the right half of the rectangle T is analogons, thns the proof is 
finished. □ 


Propf of Theorem A2.S[ It is a well established techniqne, that when proving a Korn ineqnality 
in a domain hi, one passes from the first / component of the displacement to its harmonic 
part s and proves the ineqnality for s, which then yields the ineqnality for / as the norm 
II/ —s||vi/i 2 is controlled by the norm ||e(U)||i 2 . It tnrns ont, that this techniqne applies also 
for the above weighted first and a half Korn ineqnality in a thin rectangle T = (0, h) x (/, L) 
with the weight y, which is the appropriate ineqnality for a washer angnlar cross section as 
will be seen in Section HI We are going to nse that techniqne combined with Theorem 12.11 
in the proof. First of all by a standard density argnment we can withont loss of generality 
















assume that U is of class up to the boundary of T. Consider then the harmonic part of 
/, i.e., the solution of the Dirichlet initial value problem; 


As(a:,|/) = 0, {x,y)eT, 
six,y) = fix,y), {x,y)edT. 


(4.7) 


Then it is clear, that 

A(/ -s) = Af= (/,.),. + ily + - (g^y), = (en(U) - e22(U)),. + 2(ei2(U)),„ 

thus we have by an integration by parts, 

- s)\‘^dxdy = / y{{f - +{f - s)^yy)dxdy 

Jt Jt 

= - j if - s)iyif - + (/ - s){y{f - s)^y)^ydxdy 

= - j if - s)iiyif - s),x),x + iyif - s),y),y)dxdy 

= - j [if - s)yHf - s) + if - s)if - s)^y]dxdy 

= -J^yif- ^)[(eii(U) - e22(U)),, + 2{e,2i'U))Jdxdy 

= [ ?/(/- s),x(eii(U) - e22(U)) + 2 [ ?/(/- s),j^ei2(U) + 2 [ {f - s)eui'U)dxdy 

Jt Jt Jt 


hence we get by the Schwartz inequality, 

II WV(/ - s)ir < 3||y^(/ - s)|||| V^e(U)|| + 2 


/- s 


Vv 


IIV^e(U)|| 


(4.8) 


< 3||y^(/ - ^)|||| V^e(U)|| + ^11/ - ^llll V^e(U)|| 

< 3||y^(/ - s)|||| V^e(U)|| + ^11/ - 5||||y^e(U)||. 

On the other hand as / — s vanishes on the entire (9T, we have for a hxed y G (/, T), that 

pX 

y/yif - s)ix,y) = j y/y{f - s)^tit,y)dt, 

Jo 

thus we get by the Schwartz inequality, that 

px ph 

yif - sfix, y)<x y{f - s)J(f, y)dt <h y{f - s)J(t, y)dt, 

Jo Jo 

which integrating hrst in a; G (0, h) then in y G {I, L) we arrive at 

Mif-s)r<h^^{f-s)r. 


(4.9) 
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Similarly we have 


\\{f-s)\\<C^/h\\^{f-s)l (4.10) 

for some constant C depending only on c. Combining now f|4.8p and fl4.9p and 14.10] we obtain 


Ilx/^V(/-.)|| <C||v^e(U)|| 

\\Vy{f-s)\\<Ch\\y^em\- 

Next we apply Theorem 12.11 to the harmonic fnnction s to get 

< 40 (MidLh/M + 


(4,11) 


from where and the estimates in fl4.1ip we get for snfficiently small h, that 

\\-/yf.,f < 2 |l.It + 2 ||V^(/ - s)lt 

+ 8felV!le(U)ll 


(4.12) 


<40 1 11^^11 + 11 ^. J 


< 40 


h 

(II - U)\\ + ll/,.ll)(ll - /)ll + WyyfW) 

h 


+ 2 || v ^( s -/),.|12 + 2 || V ^/,.|| 2 ^ 


+ 8h2||v^e(U)|| 

^ ^ W^/yfW ^ 

/ll^/y/ll■ll^/ye(u)|| 


< c 




h 


+ \\Vy<m 


The other secondary diagonal component g^x of the symmetrized gradient e(U) is estimated in 
terms of f^y and the term ei 2 (U) of the symmetrized gradient e(U) by the triangle ineqnality, 
thns ineqnality (14.1211 finishes the proof. □ 


5 Proofs of Theorems I2.3H2.5 . 

We start by recalling the main strategy for proving 3D Korn ineqnalities developed in [7] . In 
the case when there is enongh bonndary data, one can rednce a 3D Korn ineqnality to three 
2D Korn ineqnalities, taking the body cross sections parallel to the coordinate planes, which 
is the same as fixing one of the variables in the ineqnality. As shown in [7] this approach works 
for cylindrical shells, and thus we can expect it to work for washers too, with a difference 
that the asyptotics of the Korn constant in the second Korn inequality drops from to 
h?. The main difficulty in proving the sharp Korn inequalities for cylindrical shells in [7], 
was the lack of appropriate 2D Korn inequalities, as all previously known inequalities for 
rectangles had a constant scaling like In the case of a washer the main difficulty is that 
upon passing from Cartesian coordinates to cylindrical ones, an extra factor p, the Jacobin 
occurs in all integrals, which is not controllable from below when the inner radius r of the 
washer goes to zero. This is in contrast to cylindrical shells, as in that case p stays close 
to the radius of the inner circle and can be regarded as a constant. We demonstrate below 
how one can overcome that singularity issue. We first prove Theorem 12.31 and as will be seen 
later Theorem 12.41 is a direct consequence of Theorem 12.31 and the Poincare inequality. 


2.3-2.5 
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Proof of Theorem \2.3[ As mentioned in the beginning of the section we consider the p,9, z = 
const cross sections of the washer, which is the same as proving the inequality block-by block. 


• [The z = const cross section]. The cross section z = const corresponds to the 2x2 
block of the gradient matrix built by the elements 11,12, 21, 22. We aim to prove, that 



,6> ~ ue 

P 


+ ll\/P“8.p|t < 12|l\/pe(u)f. 


(5.1) 


Denote T = (r, R) x (0, 27r). Then for any fixed z G [0, h] we have integrating by parts 
and using the boundary conditions in p and the periodicity in 0, that 


/ Up^e -ug 
/ p— - Ug pdpdd = 

It P 




= - J UpUg^pgdpdO 

/ '^p^p'^o^odpdO 


f '^e,e + '^p, in 

/ pUp p - dpdu 

It ’ P 


Up,pUpdpd6^ 


(5.2) 


thus integrating the last inequality in z G [0, h] and applying the Schwartz inequality 
to both summands we discover 


Up,e -Ug 

p— - Ug^pdpdU 


In P 
We then get utilizing 05.31) . 


< ||^e(u)||2 + ll^e(u) 


Ur. 


y/p 


(5.3) 


Vp 


Upfi - Ug 


P 


+ ll\/P«0,pf = / P 


in 


Upfi - Ug 

P 


+ Ug^p —2p 


Upfi - Ug 


n P 


Ug,p (5.4) 


< 4|| Vpe(u)|p + 2|| Vpe(u)|p + 2|| Vpe(u) 


Ur 


Vp 


= 6||\/pe(u)||2 + 2||^e(u) 


Ur 


^/P 


It remains to bound 




m 


terms of ||i/pe(u)|| and for that purpose let us prove, that 


Up 

^/d 


< 3||^e(u)||. 


(5.5) 


By the periodicity in 0, we can write the displacement u = (up, ug, Uz) in Fourier space 
in 6 in VF^’^(r2). It is clear, that if U = (d; ^) cos(n6*) + U 2 (p, z) sin(n6')), then 
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all inequalities under consideration separate in the variable n G {0,1,... } and thus in¬ 
equality fIS.Sp is sufficient to prove for the case U = Ui(p, z) cos{n6) -|-U 2 (p, z) sin(n0), 
for some fixed n G {0,1,... 

Consider 2 cases. 

Case 1. n = 0. In this case there is no 6 dependence, and thus the term ^ is the 22 
element of the symmetrized gradient e{u), which implies 


Case 2. n > 1. Denote 


Up 


< ||^e(u)||. 


(5.6) 


Up = z) cos{n9) + bp{p, z) sin(n0), ue = ae{p, z) cos{n9) + bo{p, z) sin(n9). 
We have on one hand by inequality (15.dh . that 


Upfi - U0 


Vp 


= 71 


-R rh 


' r JO 


\nbp + aep |nap be\ 
P 


-dzdp < 6||,/pe(u)||^-F2||,/pe(u) 


Ur. 


y/P 


and on the other hand 
2 


ue,e + Up 


Vp 


= TT 


pR rh 
'r Jo 


\bp — -|- \ap — nbg\ 

P 


-dzdp < ||v^e(u)|p 


thus multiplying the first inequality by and summing the two inequalities and ap¬ 
plying the triangle inequality, we obtain 


(n^ + 1)2 


Up 

7 p 


cR rh 1 ^ 12 


= 7r(n2 + 1)2 

oR rh 


“^1 + 


' r J Q 


p 


< 


TT 


?7,5e|2 -|- |n2ap -|- - 1 - \bp — naep -|- 1^,25^ -|- nae\ 


' r Jo 


P 


-dzdp 


< {Qn^ + 1) ||ype(u)||2 + 2n2||^e(u) 


Ur 


Vp 


which yields 


Up 

7 p 


< 

rrt‘2, 


n^ + 1 


WVp^i'^W + 2 I i ll\/pg(^)ll 


n2 + 1' 


Up 

y/p 


(5.7) 


< 3||^e(u)||2 + ll^e(u) 


Ur. 


^/p 


which then yields the estimate fl5.5p . Therefore, combining Case 1 and Case 2 we 
obtain 

2 
7 / 

^ <3||Vpe(n)||2. 

In conclusion, estimates (15.4p and (15. 5 p imply (15.ip . 
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• [The 6 = const cross section]. The cross section 9 = const corresponds to the 2x2 
block of the gradient matrix bnilt by the elements 11,13,31,33. Let us prove in this 
case, that 


WVP'^pA'^ + ll\/P«. 


2,Pll — 


< c 


WypUzW ■ ||^/pe(u) 
h 


+ ll\/pe( 


u 


(5.8) 


Note, that inequality (15.8p is exactly Theorem 12.31 written for the displacement U = 
{uz,Up) in the variable {z,p) in the rectangular domain T = (0, h) x {r,R) and then 
integrated in 6* G [0, 27r]. 


• [The p = const cross section]. The cross section p = const corresponds to the 2x2 
block of the gradient matrix built by the elements 22, 23, 32, 33. We aim to prove, that 




Vp 


ue,. 


P 


< C 


\\y/puz\\ ■ Ilx/pe(u) 

h 


+ ll\/P' 


e u 


(5.9) 


For a fixed p > 0 consider the vector field 


U(2;,0i) = (/(p,0i,z),p(p,0i,z)) = {uz{p,9,z),ue{p,e,z)) 
defined on the rectangle (z, 9i) E [0, h] x [0, 27rp] = Ti, where 6 i = p9. We have that 


Vz,e,V{z,er) = 


f, zip,9i,z) f^g^{p,9i,z) 

g, ziP^^i^z) 9,diiP,Si,z) 


Uz,z{p,0,z) ^^Uzp{p,6,z) 

U0^zip,O,z) ^Ug^0{p,9,z) 


(5.10) 


Note, that both spaces Vi and V 2 are compatible with the requirements of Theorem 13.11 
thus we get 


|V.«,U 


2,01 ^ IIl2(Ti) ^ 


< 100 


/ll/IU2(ri) • ||e(U)]|L2(rj) 


+ l|e(U)]|i2(rj) 


V h 

Next, denoting T = [0, h] x [0, 27r] we get by the triangle inequality 
I|6(U)[|^2(2 ^j) 


(5.11) 


(5.12) 


ul^^{p, 9, z) + i^^U 0 fi{p, 9, z)^ + ^ (^Ug^zip, 9, z) + ^Uz,g{p, 9, z)^ j dzd9i 

= pj +^[ue,z{p,9,z) d--^Uzfi{p,9,z^ ^ dzd9 

\2 2 v? If 1 

^2 + 2 + Up)\ + + - f + —Uz,ej j dzd9 


= pS\p). 

Thus we get from fl5.10D - fl5.12p the estimate 


'Ti 




U 


2 -\ 

z,e 


P" 


dzd9i < 100 


h 


P / u^{p,9,z)dzd9i +pF (p) , 


/Ti 
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from where we get 


uIAp^0,z) + 


u 


z ,0 


dzdO < 100 


S{p) 


u: 


'‘.{p,d,z 


)dzde] 




+ ^^(P) . (5.13) 


Multiplying the last inequality by p and integrating in p from r to R and utilizing the 
Schwartz inequality for the product S{p) [Jj,ul{p,9, z)dzd9'j^ we get 


WVp'^oAI'^ + 


Uz,e 


Vp 


< 100 


\\y/pUz 

h 


»R 


2 rR 


pS‘^{p)dpj + 2 pS^{p)dp I . (5.14) 


It is clear from fl5.12D . that 


r-i? 


pS^{p)dp < 2||^e(u)||2 + 2 


Ur. 




(5.15) 


Inequalities fl5.15p and fl5.5p imply 


r-i? 


pS^{p)dp < 8||^e(u)||2, 


hance fl5.9p is derived from fl5.14p . which completes the proof of the last case. In 
conclusion, a combination of estimates fl5.ip . (15.8p and (15.Op completes the proof of 
Theorem 12.31 


□ 


Proof of Theorem P.Jf-. We follow different approaches for the subspaces Vi and V 2 , thus con¬ 


sider the cases u G W and u G V 2 separately. 


Case u G Vi. Denote u = {vx,Vy,Vz) in Cartesian coordinates. Then it is clear, that 
Vz = Uz- Observe, that a translation of the Vz component of the displacement u by a constant 
does not affect inequality (12.6p . thus because there are no boundary conditions imposed on 
the Uz component of the displacement, we can translate the component Vz by a suitable 
constant A to make it satisfy the zero average condition 


/ Vz{x,y, z)dxdydz = 0. 

Jq 

Due to the zero average condition (I5.16P we get by the Poincere inequality, that 


/ \vz{x,y, z)\‘^dxdydz < C{R) / \'\/x,y,zVzix,y, z)\'^dxdydz, 
IQ Jq ’ ’ 


in Cartesian coordinates. Next, by the identity 


^ x,y,zXzi^X, y, 2^) I 


duz 

^ 1 

du. 

2 

duz 

dp 

+ ~ 

d9 

+ 

dz 


(5.16) 


(5.17) 
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we get the equality 


/ \'^x,y,zVz{x,y,z)\^dxdydz = / p\Vp^0^^u^{p,9, z)\‘^dpd6dz. (5.18) 

Jfi Jfi 

A combination of (15.1 7p and fl5.18p gives 

<C'(i?)||VpVu,|2 (5.19) 

in cylindrical coordinates. Inequality (12. 6p is now a direct consequence of (12. 5 p and (I5.19p . 

Case u G V 2 . We again consider two subcases here. 

Subcase 2r > R. This is the easier case and is done in terms of Poincare inequality. Denote 
T = [0,27r] X [0,h]. Due to the boundary condition Uz{r,9,z) = 0, we have for any fixed 
(p, 9, z) G D, that 

Uz{p,9,z)= / Uz,t{t,9,z)dt, 

Jr 

thus we get by the Schwartz inequality 

ul{p,9,z) = ( [ Uz^t{t,9,z)dt 


r 

fP I fP 

< J -^dt J tul ^{t,9,z)dt 

R 

< In — / tulJt,9,z)dt 

r Jr 

rR 


< ln2 / tulj-{t,9, z)dt. 

J r 

Multiplying the last inequality by p and integrating in p from r to i? we obtain 


In 2 

pulip, d, z)dp < - r^) / d, z)dt 


(5.20) 


< R 


R 

2 / ,2 


tui f-{t, 9, z)dt. 


It remains to integrate inequality (I5.20p in the variables (0, z) over the rectangle T to get 

\\y/puz\\^ < R^\\^Uz,pr < R^^Vn\\ 

as the element is the 31 element of the gradient matrix Vu. The last inequality together 
with (12.5p imply (|2.6p . 

Subcase 2r < R. This is the trickier case and is done by the Hardy inequality proven in 
Lemma 13.41 As R < 2 ■ then by the analogy of the previous subcase if we choose the 
outer thin boundary points of the washer as the starting points in the integration in the 
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Poincare inequality, then we get an estimate like fl5.20|) over the interval > namely 

we get for any (0, z) G T, the following estimate: 



pu‘l{p, 6, z)dp < E? 



(5.21) 


On the other hand applying Lemma 13.41 to the function Uz{t,0,z) in the interval [r, R] we 
obtain 


R+r 

2 




r^R 


pvr^{p^9^z)dp <4: / pui{p,9, z)dp + / tvr^^{t^6^z)dt^ (5.22) 


' R+r 
2 


thus combining (I5.2ip and (I5.22p we get 




rR 


pul{p,e,z)dp<bR^ / pulp{p,e,z)dp. 


(5.23) 


In integration of the last inequality in the (0, z) variables over the rectangle T yields 


\\\fpUz\\^ < ^R^\\^/pu 


z,p\ 


(5.24) 


Finally, the estimate (12.61) follows from fl5.24p and (12.5p . The proof of the theorem is hnished 
now. 

□ 


Proof of Theorem \2.fk Let us assume that there is no 9 dependence in the the Ansatz, thus 
we seek it in the form 

u = {up,ue,u^) = {f{p, z),0,g{p,z)). 

Plugging this vector held into formula (12. ip we obtain 


Vn = 


7,p 0 fZ 

0^0 

p 

.9,P 0 9,z. 


(5.25) 


Then following the idea of Grabovsky and Truskinovsky in [TT], which is expanding the 
Ansatz in the powers of h and z and keeping only up to the hrst order terms we arrive at 
the Kirchiff Ansatz 

/(d> z) = -zip'{p), g{p, z) = if{p), (5.26) 

where (p is a compactly supported smooth function on [^^,R] such that \(p'{p)\‘^dp and 
\ip”{p)\‘^dp are both of order one. Then it is clear that 


Vn = 


'-z(p"{p) 



0 -Zip)' 

-zA(p) g 

P 

0 0 


(5.27) 
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rsj 


thus we obtain ||i/pe('u)|p ~ and ||y^Vn|p ~ h, therefore inequality f|2.6|) is sharp 
in terms of the power of h. For inequality fl2.5|) we choose the Ansatz u = {f,0,g), 
Remark 1.5], where 




0 ,- 

2 


(5.28) 


and again (p is a compactly supported smooth function on [^^,R] such that \ip'{p)\'^dp 


and jf" \ip”{p)\‘^dp are both of order one. It is clear, that 


Vu = 


j^ip"{p) 0 

0 0 
1^^'ip) 0 0 


(5.29) 


hence we get || v'pe(M)|| ~ ||y^Vn|p ~ and H-y/ps'II ~ ■ Therefore inequality 

(I2.5jl is sharp in terms of the power of h. Theorem 12.51 is proved now. □ 
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